Abstract-Acoustic radiation force impulse imaging has been used clinically to study the dynamic response of lesions relative to their background material to focused, impulsive acoustic radiation force excitations through the generation of dynamic displacement field images. Dynamic displacement data are typically displayed as a set of parametric images, including displacement immediately after excitation, maximum displacement, time to peak displacement, and recovery time from peak displacement. To date, however, no definitive trends have been established between these parametric images and the tissues' mechanical properties. This work demonstrates that displacement magnitude, time to peak displacement, and recovery time are all inversely related to the Young's modulus in homogeneous elastic media. Experimentally, pulse repetition frequency during displacement tracking limits stiffness resolution using the time to peak displacement parameter. The excitation pulse duration also impacts the time to peak parameter, with longer pulses reducing the inertial effects present during impulsive excitations. Material density affects tissue dynamics, but is not expected to play a significant role in biological tissues. The presence of an elastic spherical inclusion in the imaged medium significantly alters the tissue dynamics in response to impulsive, focused acoustic radiation force excitations. Times to peak displacement for excitations within and outside an elastic inclusion are still indicative of local material stiffness; however, recovery times are altered due to the reflection and transmission of shear waves at the inclusion boundaries. These shear wave interactions cause stiffer inclusions to appear to be displaced longer than the more compliant background material. The magnitude of shear waves reflected at elastic lesion boundaries is dependent on the stiffness contrast between the inclusion and the background material, and the stiffness and size of the inclusion dictate when shear wave reflections within the lesion will interfere with one another. Jitter and bias associated with the ultrasonic displacement tracking also impact the estimation of a tissue's dynamic response to acoustic radiation force excitation.
I. Introduction
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Digital Object Identifier 10.1109/TUFFC.2006.146 mechanical properties of diseased tissues versus healthy tissues: fibrous tissue deposition in breast lesions may allow for masses to be characterized by manual palpation [2] - [5] , replacement of healthy hepatic tissue by fibrosis can lead to stiffening of a cirrhotic liver [6] , and the purposeful destruction of tissue using radio-frequency (RF) ablation leads to denaturing of proteins and an inflammatory response that stiffens the induced lesion [7] . Additionally, cancers and desmoplastic masses in the colon, breast, and other soft tissues can potentially be distinguished from healthy tissue based on their mechanical properties. Elastography techniques have been developed to characterize the mechanical properties of tissue by externally compressing tissue and reconstructing material properties from the resulting strain fields [7] , [8] - [18] . External tissue compression, however, becomes challenging for in vivo applications where organ location and boundary condition control can be difficult. Acoustic radiation force imaging modalities remove the need for external tissue compression and instead rely on the excitation of tissue using highintensity acoustic pulses that transfer their momentum to the tissue and cause localized displacement fields [19] - [23] . Several techniques involve monitoring the steady-state or resonant response of tissue to acoustic radiation force excitations, as is done by Walker et al. [24] in the kinetic acoustic vitroretinal examination (KAVE) method, Fatemi and Greenleaf [21] in vibro-acoustography, and Konofagou and Hynynen in harmonic motion imaging (HMI) [25] .
Another application of acoustic radiation force imaging involves monitoring the dynamic response of tissues to impulsive excitation. The impulsive excitation of tissue leads to the generation of shear waves, and the propagation speed of these waves is determined by the viscoelastic properties of the tissue outside the region of excitation (ROE). Shear wave elasticity imaging (SWEI) and supersonic imaging [20] , [22] , [26] measure shear wave speeds to reconstruct shear moduli. These methods become challenging in vivo because viscosity attenuates the shear waves and limits the propagation distance over which these waves can be ultrasonically tracked in tissue and coupled into adjacent structures. Acoustic radiation force impulse (ARFI) imaging, the focus of this manuscript, characterizes the dynamic response of tissue to impulsive excitation within and closely adjacent to the ROE.
In this manuscript, finite element method (FEM) models are used to demonstrate how these dynamic displace- Fig. 1 . Typical ARFI parametric images from a tissue-mimicking phantom with a 3 mm diameter spherical inclusion that is four times stiffer than the background material, centered at a depth of 15 mm. The conventional B-mode image is shown in the top left and does not delineate the inclusion. The brighter pixels in the maximum displacement image (top right) represent greater displacement away from the transducer (top of the image), and displacements range from 0 to 12 µm. As expected, the more compliant background material moves farther than the stiffer inclusion material in the displacement image. The brighter pixels in the time to peak (bottom left) and recovery time (bottom right) images represent greater times from their respective references (initiation of the excitation pulse and time of peak displacement), providing additional dynamic metrics to delineate the inclusion. ment data in ARFI imaging can be used to characterize the local mechanical properties of elastic tissues and lesions (spherical inclusions). The dynamic displacement data are typically displayed as parametric images showing the maximum displacement, time to peak (TTP) displacement, and the time it takes to recover (RT) from the peak displacement. A sample set of parametric images from a tissue-mimicking phantom are shown in Fig. 1 [27] . Section II reviews the mechanical response of elastic materials to impulsive acoustic radiation force excitation and the reflection and transmission of shear waves at discrete, elastic material interfaces. Section III outlines the implementation of the FEM to simulate the dynamic mechanical response of elastic materials to ARFI imaging excitations with a linear array, and the simulation of the ultrasonic tracking of these displacements. Section IV shows a parametric analysis of the impact of material properties (stiffness and density) and excitation parameters on the dynamic displacement fields that are generated and tracked during ARFI imaging in elastic media; Section V correlates these simulated dynamic elastic material responses with elastic inclusion size, stiffness, and location relative to the ROE.
II. Background
The impulsive excitation of tissue with a localized distribution of acoustic radiation force, as occurs in ARFI imaging, leads to the generation of shear (transverse) waves that propagate away from the ROE [20] , [22] , [28] . For details about the generation of acoustic radiation force in ARFI imaging, the reader is referred to Palmeri et al. [23] . In a linear, isotropic, elastic solid, the speed at which these shear waves propagate (c T ) away from the ROE is directly proportional to the shear modulus (µ) or Young's modulus (E) and is indirectly proportional to the density (ρ) and Poisson's ratio (ν) [23] , [29] :
Compressional waves are not included in this analysis because they are not tracked on the time scales that are feasible with ARFI imaging (0.1-5 ms). When elastic spherical inclusions of varying stiffness are present in an otherwise homogeneous medium, shear waves are subject to propagation through materials with different shear wave speeds (1) and therefore different mechanical impedances (Z), as defined in (2) [30] :
Acoustic impedance mismatches at material interfaces lead to the reflection and transmission of shear waves that are incident upon these boundaries. If we consider two elastic, semi-infinite media (A and B) bound together, with a prescribed incident wave from medium A, we know that the displacements and normal stresses at the boundary between A and B must be equal for all times (t). Imposing these boundary conditions and relating stress to displacement through Hooke's law allows the following relationships to be defined for the reflected (R) and transmitted (T ) waves in terms of the incident (I) wave [30] :
Eq. (3) and (4) allow for the characterization of simple wave interactions orthogonal to the interface of semiinfinite media. For ARFI imaging of spherical inclusions, however, such simplifications are not possible because the ARFI excitation is a spatially varying, three-dimensional body force, and the spherical inclusions provide nonorthogonal boundaries relative to the direction of shear wave propagation. Additionally, semi-infinite media cannot be assumed relative to the lesion boundaries since the shear wave lengths are the same order of magnitude as the inclusion diameters. Therefore, the use of finite elements to simulate the mechanical response of tissue to the impulsive application of acoustic radiation force in three dimensions is necessary to study the tissue dynamics associated with ARFI imaging of spherical inclusions.
III. Methods
FEM modeling has been previously implemented to simulate the tissue dynamics associated with ARFI imaging, as detailed by Palmeri et al. [23] . These models have been used herein to study the impact of elastic material properties (stiffness and density) on ARFI parametric images. A mesh consisting of 0.2 mm, trilinear, cubic elements was used to simulate an elastic material extending 25 mm axially from the transducer surface, ±17.5 mm laterally, and 7.5 mm in the elevation dimension. The mesh was generating using LS-PREPOST2 (Livermore Software Technology Corporation, Livermore, CA). Symmetry was assumed in the axial-lateral plane, centered in elevation. The nodes in the lateral-elevation planes at depths of 0 (transducer position) and 25 mm were fully constrained [23] . The material was modeled as a linear, isotropic, elastic solid with a Poisson's ratio of 0.499. As described by Palmeri et al., this choice of Poisson's ratio was made because of simulation runtime concerns and because an explicit, time-domain finite element algorithm, as was used for these studies, cannot tolerate nearly incompressible materials [23] . While a Poisson's ratio of 0.499 will not support a compressional wave velocity of 1540 m/s (the approximate sound speed in tissue), the dynamics presented throughout this manuscript are shear-dominated and are minimally affected by this slight underestimation in Poisson's ratio, as indicated by (1) [23] , [31] . Custom-written Perl scripts were used to define the stiffness of inclusions within the mesh, based on the location of the center of the inclusion and the inclusion's diameter. No slip was allowed at the interface between inclusions and their background material.
Field II 1 [32] , a linear acoustic field simulation package, was used to simulate the acoustic pressure fields that are generated during ARFI imaging with a linear array (f c = 7.2 MHz, F/1.3 lateral focal configuration, fixed elevation focus near 20 mm, variable focal depth) in materials with varying acoustic attenuations. The f-number (F/#) of an imaging array is defined as the ratio of the focal depth (z) to the active aperture width (d):
1 http://www.es.oersted.dtu.dk/staff/jaj/field/ Pressure fields simulated using Field II were then converted to intensities that were scaled up to empirically determined intensity values using linear extrapolation of small-signal hydrophone measurements [23] . Nodal point loads were generated by multiplying the element volumes by the following expression for acoustic radiation force, expressed as a body force [19] , [23] :
where α represents the acoustic attenuation of the material, c represents the sound speed (1540 m/s), and I represents the time-average intensity at each nodal location. LS-DYNA3D (Livermore Software Technology Corporation, Livermore, CA), an explicit, time-domain finite element analysis package, was used to solve for the threedimensional dynamic displacement fields. This modeling method was previously validated in calibrated gelatinbased tissue-mimicking phantoms, as detailed by Palmeri et al. [23] , and provides realistic three-dimensional data in response to impulsive acoustic radiation force excitation in linear, elastic media. Ultrasonic estimation of displacements generated by impulsive acoustic radiation force excitations are susceptible to jitter and bias due to scatterer shearing within the point spread function (PSF) of the tracking beams [33] , [34] . To evaluate the effects of these tracking artifacts on the observed displacement data, certain simulations incorporated Field II to demonstrate the ultrasonic tracking of the three-dimensional displacement fields simulated by the FEM. The development of this ultrasonic tracking model and the excitation and tracking parameters that affect jitter and bias in displacement estimates are detailed by Palmeri et al. [34] . Again, a linear array with a center frequency of 7.2 MHz and a fractional bandwidth of 53% was modeled for the tracking simulations. A focal configuration of F/1.0 was simulated on both transmit and receive, along with dynamic receive focusing and receive aperture growth. The transmit tracking focal depth was the same as the excitation focal depth. Field II was used to simulate synthetic RF data for 100 independent, fully developed speckle realizations with the FEM-simulated displacements used to translate the scatterers in three dimensions at each time step assuming a 10-kHz pulse repetition frequency (PRF). Normalized cross-correlation, as implemented experimentally (2.5 cycle kernel length, symmetric search, 99% overlap) [35] , was applied to the RF data to estimate displacements. The tracking simulation run times are great; therefore the tracking simulations were limited in scope throughout the manuscript. than the focal depth are plotted along the vertical dashed line in Fig. 2 .
IV. Results

A. ARFI-Induced Dynamics in Homogeneous Media
The dynamic displacement fields that are generated in a homogeneous elastic medium after an impulsive excitation with focused acoustic radiation force are dependent on material parameters that affect the speed at which shear waves propagate, namely, the material's shear modulus and density (1), and excitation parameters, including the lateral F/# and the excitation duration. Figs. 3-7 explore the dependence of the homogeneous elastic material dynamics, including displacement magnitude, TTP displacement, and RT from peak displacement, on these parameters.
A comparison of the simulated dynamic displacement behavior at the focal point with the simulated ultrasonically tracked displacement is shown in Fig. 3 . For this simulation, the material was modeled as a homogeneous elastic medium with an attenuation of 0.7 dB/cm/MHz and a stiffness of 4 kPa. The displacements determined by the FEM models are shown in the solid line, and the simulated tracked displacements are shown in the dashed line, both of which are sampled at an experimentally feasible rate of 10 kHz. The excitation focal configuration was F/1.3 with a focal depth of 20 mm.
The displacement dynamics at the focal point are dependent on the stiffness of the material and the lateral F/# of the excitation beam, with greater F/#s representing larger lateral excitation beamwidths. Fig. 4(a) shows the displacement profiles at the focal point in media of varying stiffness (1 kPa and 58 kPa) for two excitation focal configurations (F/1.0 and F/2.0), where the higher F/# represents a broader excitation in the lateral dimension. Fig. 4(b) shows how TTP displacement varies as a function of stiffness for the two excitation focal configurations.
A material's density will impact the shear wave speed (1), which in turn impacts the displacement dynamics at the focal point. Fig. 5(a) shows the impact of density on the displacement profiles at the focal point, and Fig. 5(b) shows the impact of density in TTP displacement in a 4-kPa medium with an attenuation of 0.7 dB/cm/MHz, excited with a focal configuration of F/1.3 focused at 20 mm. Notice how the less dense materials have greater peak displacement magnitudes and peak sooner in time than the more dense materials. The inertial effects demonstrated by modulating the density of the material, as shown in Fig. 5 , are also dependent on the duration of the excitation pulse. Fig. 6(a) shows the impact of excitation pulse duration on the focal point displacement profiles in an 8.5 kPa medium with an attenuation of 0.7 dB/cm/MHz and an F/1.3 excitation focused at 20 mm. Fig. 6(b) and (c) show the impact of pulse duration on TTP displacement from the initiation and cessation of the excitation pulse, respectively. Fig. 6(d) shows how the maximum displacement magnitude at the focal point increases with increasing pulse duration, and Fig. 6(e) shows the normalized displacement profiles in the lateral dimension at the focal depth for pulse durations of 22.5 µs (solid line) and 720 µs (dashed line), 1.5 ms after the excitation. In addition to affecting the time it takes to reach peak displacement at the focal point, the stiffness of an elastic material will also affect the time it takes to recover from that peak displacement. Fig. 7(a) shows the focal point displacement through time in homogeneous media of varying stiffnesses ranging from 4 to 48 kPa, and Fig. 7(b) shows the normalized recovery behavior for each simulated material as a function of time after each material's respective peak displacement. The horizontal dotted line represents the recovery level (37%) at which recovery time parametric images are typically generated in ARFI imaging.
B. ARFI-Induced Dynamics in Media with Spherical Inclusions
Although the dynamic displacement fields generated in homogeneous elastic materials in response to impulsive excitations display fairly intuitive trends with modulation of material and excitation parameters, the presence of an elastic spherical inclusion within or adjacent to the ROE complicates the displacement dynamics. Characterizing all of the effects that an elastic spherical inclusion has on the three-dimensional displacement data is beyond the scope of a single manuscript; therefore, to demonstrate the impact of such inclusions, a subset of case studies is presented. The dynamic displacement data at the focal depth are presented as a function of relative and absolute inclusion stiffnesses for excitations both within and outside an inclusion with a 3 mm diameter. The positions of simulated ARFI excitations relative to the inclusion are shown in Fig. 8 , with the FEM displacement data in Figs. 9-11. Finally, because the dynamic behavior demonstrated in these figures is dependent on the size of the inclusion, Fig. 12 demonstrates the impact that lesion size, as a function of stiffness contrast, has on the resulting displacement contrast.
Both the stiffness contrast between a spherical inclusion and its background material, along with their absolute stiffnesses, dictate the displacement dynamics. Fig. 9 demonstrates that the dynamic behavior of spherical inclusions is a function of the stiffness of the inclusion and background materials. These models simulated a 3 mm diameter inclusion, centered at the focal depth (11.5 mm), excited with an F/1.3 focal configuration. Each plot contains the dynamic displacement profiles at the focal point for five different configurations: 1) homogeneous background material; 2) homogeneous inclusion material; 3) excitation centered in the spherical inclusion; 4) excitation 1 mm offcenter, 0.5 mm inside the inclusion; and 5) excitation 2 mm off-center, 0.5 mm outside the inclusion (Fig. 8) . The inclusions in Fig. 9 (a) and (b) have stiffnesses of 12 and 24 kPa, respectively, and a background stiffness of 4 kPa, whereas the inclusions in Fig. 9 (c) and (d) have stiffnesses of 24 and 48 kPa, respectively, and a background stiffness of 8 kPa. The displacement profiles simulated by the FEM models are not directly representative of what would be measured experimentally when ultrasound is used to detect these displacements because ultrasonic displacement estimation is subject to jitter and bias [33] , [34] . The FEM displacement profiles shown in Fig. 9 (b) are normalized in Fig. 10(a) ; Fig. 10(b) and (c) show mean and mean ± one standard deviation, respectively, for the corresponding tracked displacement estimates over 100 speckle realizations.
The inflections present in the displacement profiles at the focal depth shown in Figs. 9 and 10 are dependent on the location of the excitation relative to the inclusion boundary (Fig. 8) , and the absolute and relative stiffnesses of the inclusion and background materials. Fig. 11(a)-(c) shows the FEM displacement profiles in the lateral dimension at the focal depth (11.5 mm) for homogeneous media of 4, 12, and 24 kPa, respectively, taken from the same data set used to generate the corresponding focal point displacement profiles shown in Fig. 7 . Fig. 11(d)-(f) shows the FEM displacement profiles in the lateral dimensions for a 4-kPa background material with a 3-mm-diameter, 12-kPa inclusion centered at a depth of 11.5 mm for excitations that are laterally centered, 1.0 mm off-center, and 2.0 mm off-center, as was shown in Fig. 9(a) ; Fig. 11(g )-(i) shows the corresponding displacement profiles for a 24-kPa inclusion, as was shown in Fig. 9(b) . An F/1.3 focal configuration focused at 11.5 mm was used for all of these simulations. All displacement profiles were normalized by their peak displacement magnitudes 0.1 ms after excitation. The inclusion boundaries are indicated by the vertical dashed lines.
The results presented to this point have been for an inclusion with a 3 mm diameter. However, since the dynamics observed at the excitation focal depths are dependent on the interference of transmitted and reflected shear waves, these behaviors are dependent on the shear wave speed and the size of the inclusion. To demonstrate the effects that lesion size and stiffness have on displacement profiles at different times after radiation force excitation, Fig. 12 shows plots of the ratio of mean displacement inside varying diameter inclusions centered at a depth of 11.5 mm compared with the displacement in the otherwise homogeneous background material, 0.2, 0.5, and 0.9 ms after excitation (top, middle, and bottom rows, respectively). Each plot also contains an "ideal" curve representing the expected ratio of displacements in homogeneous media of the inclusion and background stiffnesses for a steady-state excitation (inclusion:background). This curve provides a reference for relative lesion behavior in all of the plots in Fig. 12 that is independent of 1) the size of the inclusion and 2) the dynamic nature of this analysis. All ratios are normalized by the displacement at the focal point in the homogeneous medium at the specified time to show displacement trends relative to the absence of an inclusion. Background stiffnesses of 4 kPa, 8 kPa, and 12 kPa are shown on the plots to demonstrate the dependence of these dynamic displacement trends on background stiffness.
V. Discussion
The displacement magnitude and the TTP displacement are dependent on an elastic material's stiffness when all other excitation (F/# and focal depth) and material parameters (density and attenuation) are held constant, as shown in the simulated dynamic focal point displacements in Figs. 4(a) and 7(a) . The tracked displacement profile, shown in the dashed line in Fig. 3 , demonstrates that considerable jitter and underestimation of magnitude exist in the ultrasonically estimated displacements [34] , reducing the utility of displacement magnitude alone as a sole indicator of material stiffness. As predicted by Sarvazyan et al. , TTP displacement appears to be a promising measure of stiffness that would be independent of force magnitude [20] ; however, its potential can be limited experimentally by PRF, as shown in Fig. 4(b) .
As shown in Fig. 4 , the trends in TTP displacement as a function of stiffness in the focal zone are independent of ex- citation focal configuration and displacement magnitude. In general, the F/2.0 excitation leads to greater TTP displacements as compared to F/1.0 due to a broader crosssectional area of the excitation beam. The TTP displacement parameter thus can be expected to be independent of acoustic attenuation within the focal zone, as the lateral and elevation displacement profiles are not attenuation dependent [31] . For a fixed excitation pulse duration, TTP displacement represents a dynamic parameter that reflects material stiffness [ Fig. 4(b) ]. In heterogeneous elastic media, TTP displacement, if able to be experimentally realized, would be a better indicator of material stiffness than recovery time because nearby material boundaries cause shear wave reflections within the ROE that influence the measurement of recovery time at the center of the excitation, as shown in Fig. 10 . While the simulation results shown in Fig. 4 demonstrate the benefits of using TTP displacement measurements to estimate material stiffness, experimental realization of this measurement is challenged by several factors. Jitter, motion artifacts, limited PRFs, and noise in clinical measurements may present significant challenges in making accurate TTP displacement estimates to resolve stiffness with any precision. Displacement underestimation due to scatterer shearing under the track PSF also tends to bias TTP displacement estimates to be later in time [34] .
While the times to peak displacement range from 0.1 to 0.5 ms in Fig. 4(b) , the excitation was only applied for 45 µs in all of these simulations. The difference between TTP displacement and the excitation duration is due to inertial (mass) effects, where the tissue acceleration generated by the radiation force is opposed by the elastic restorative forces of the tissue. In stiffer media, these restorative forces are greater, and therefore recovery occurs faster than in more compliant media (Fig. 7) . Fig. 5 demonstrates the impact of mass on the TTP displacement, where less dense tissues peak sooner, and thus recover sooner, than more dense tissues due to smaller inertial contributions. Fig. 5 also demonstrates that variations in density can also create significant errors when TTP displacements are correlated with material stiffness if constant density is assumed. For the range of densities simulated (0.5-1.5 g/cm 3 ) in a 4 kPa background, the TTP displacement varied by 0.12 ms [ Fig. 5(b) ]. This could lead to an error of several kilopascals in the stiffness estimate based on this metric. In stiffer media, the error in TTP displacement for this range of densities will decrease, but the times themselves also decrease, leading to larger stiffness estimate errors. Again, in the stiffer media, experimental realization of TTP displacements below 0.1 ms will be challenging, independent of density errors, due to PRF limitations.
Different clinical applications of ARFI imaging require excitations of variable duration to achieve tissue displacements of at least several microns to be tracked with adequate SNR [34] . Varying the pulse duration, however, also impacts the dynamic parameters that can be extracted from ARFI images, including TTP displacement.
As Fig. 6(a) shows, longer excitations generate a more steady-state tissue response than more impulsive excitations. As shown in Fig. 6(b) and (c), using excitation pulse durations that are too long (> 100 µs) negates the utility of the TTP displacement parameter as the tissue approaches a steady-state response. The longer pulse durations will also reach a plateau in the maximum displacement achieved at the focal point, as shown in Fig. 6(d) , and they will alter the timing of shear wave propagation outside the ROE, as shown in Fig. 6(e) .
As demonstrated in Figs. 4 and 7, both TTP displacement and RT are dependent on the stiffness of a homogeneous medium and are dictated by shear wave speed; thus they could be used to quantify material stiffness. These trends are also independent of displacement magnitude, which is beneficial in a clinical arena, where the unknown attenuation of heterogeneous tissue prevents accurate estimation of the acoustic radiation force magnitude used in the excitation. In addition, ultrasonic displacement magnitude estimates can considerably underestimate the true displacement (Fig. 3) [34] , which reduces the clinical feasibility of using displacement magnitude alone to quantify tissue stiffness. While ARFI-generated displacement images of relative differences in estimated displacement magnitude between tissue types should accurately reflect stiffness differences, they are not quantitative. The mechanical information that can be inferred from TTP displacement and RT would allow for quantification of stiffness in homogeneous regions of tissues, but interpreting these parameters becomes more complicated when a spherical inclusion with varying material properties is present in the medium. Fig. 9 demonstrates how the recovery of the material at the focal depth is influenced by the stiffness of the medium, the presence of a stiffer spherical inclusion, and the location of an inclusion boundary relative to the excitation. The displacement profile in the homogeneous medium represents the typical response to impulsive excitation (also seen in Fig. 3) , where the peak displacement magnitude, TTP displacement, and RT are inversely related to the material stiffness [23] . However, when an inclusion is present, the dynamic displacement profile in and near the inclusion is related to the stiffnesses of the inclusion and background materials. For excitations inside the inclusion, the initial tissue response is dictated by the inclusion stiffness, while later in time the tissue response reflects the stiffness of the background material and is impacted by shear wave reflections at the inclusion boundaries. For excitations that occur just outside a stiffer inclusion, the displacement response is dictated by the background stiffness along with inverted shear waves generated by reflections at the inclusion boundaries, resulting in a faster recovery than the surrounding material. Fig. 9 demonstrates that these trends hold for different ratios of background-to-inclusion stiffness and absolute background stiffnesses. Fig. 10(a) shows the normalized displacement plots from Fig. 9(b) , with the horizontal dotted line indicating where recovery time (37%) is typically defined in ARFI imaging. For the excitations inside the inclusion, distinct shear wave reflections off the inclusion boundaries (1.5 mm to each side) can be seen at the center location 1.4 ms after the excitation. The timing of these reflections varies with inclusion stiffness, diameter, and proximity of the excitation to material boundaries (Fig. 11) . Fig. 10(b) , which shows the mean tracked displacement behavior at these locations, demonstrates how ultrasonic displacement tracking significantly impacts the estimation of TTP displacement and RT. At the center location, the constructive interference of reflected shear waves at 1.4 ms would be measured as the peak displacement [instead of the actual peak at 0.2 ms in Fig. 10(a) ], and the recovery time parameter would not be measured since the material does not recover to 37% of the measured peak displacement during the tracked times. This behavior has been observed in experimental phantom data, as shown in Fig. 1 , where the stiffer inclusion appears to peak later and recover slower than the more compliant background material, which is opposite the dynamic behavior we would expect in homogeneous media. Such trends have also been observed in some clinical images of breast masses [36] . Also notice that the error bar magnitudes in Fig. 10 (c) demonstrate that displacement estimates can vary up to 40% between speckle realizations, in the absence of simulated noise, due to jitter and shearing within the track PSF [34] . These variations would also cause variations in the estimates of TTP displacement and RT. Fig. 11 shows the corresponding displacement profiles in the lateral dimension at the focal depth to those shown in Fig. 9 (a) and (b) and Fig. 10 . The homogeneous media shown in Fig. 11(a)-(c) (top row) demonstrate how shear wave speed, RT at the center of the ROE, and TTP displacement at the focal point are inversely related to stiffness. Fig. 11(d)-(i) (bottom two rows) show the distortion of shear waves caused by the presence of a stiffer spherical inclusion. For the excitation centered in the inclusion [ Fig. 11(g) ], the displacement at the center grows later in time (1.4 ms) as the shear waves reflecting off of the inclusion boundaries constructively interfere, agreeing with the results shown in Fig. 10 . For the more compliant 12 kPa inclusion [ Fig. 11(d) ], this constructive interference occurs later in time and with decreased magnitude due to the smaller impedance mismatch. This behavior is not observed for excitations closer to the inner boundary of the inclusion [ Fig. 11(h) ], while for excitations just outside of the inclusion [ Fig. 11(f) and (i) ], a significant displacement null is created later in time. The displacement gradients in the lateral dimension are less severe for the more compliant 12 kPa inclusion [ Fig. 11 (e) and (f)] than for the 24 kPa inclusion [ Fig. 11(h) and (i) ].
As expected, Fig. 12 demonstrates that inclusion size, stiffness contrast between inclusion and background material, and stiffness of the background material dictate the dynamic mechanical response of an inclusion to an ARFI excitation since all of these parameters affect shear wave interference patterns. This is demonstrated as deviations from the "ideal" displacement-to-stiffness ratios curve that is independent of lesion size and tissue dynamics. Immediately after excitation [ Fig. 12(a) and (b) ], the initial displacements across the inclusion are largely independent of these variables. Later in time [0.5 ms, Fig. 12 (c) and (d)], the larger inclusion [ Fig. 12(d) ] nicely matches the ideal curve, but the smaller inclusion [ Fig. 12(c) ] never reaches the ideal curve because the closer proximity of the inclusion boundaries to the excitations generates appreciable interference of reflected shear waves soon after the excitation. As the smaller inclusion increases in stiffness [ Fig. 12(e) ], repeated shear wave reflections at the lesion boundaries during the observation time cause the displacement ratio (inside:outside) to increase, resulting in a deviation from the shape of the ideal curve. In contrast, for the larger inclusion [ Fig. 12(f) ], the trends were consistent with the ideal curve.
A limitation of these models is that they assume a linear elastic material and do not incorporate viscoelastic effects. Future models will be developed to quantify the impact of viscoelasticity on the dynamic responses presented in this manuscript; however, some general conclusions can be made. Viscoelasticity of biological tissues is characterized by a stiffness relaxation over a given time domain, using a "short-time" shear modulus (G o ), a "long-time" shear modulus (G ∞ ), and a decay constant (β), such that the dynamic shear modulus of the viscoelastic tissue can be represented by G(t) = G ∞ + (G o − G ∞ )e −βt [37] . In general, however, the appropriate viscoelastic parameters for soft tissues are difficult to characterize. Tissue relaxation of at least several kilopascals (G o − G ∞ > 1 kPa) within several milliseconds (β > 1 kHz) would cause a dynamic softening of the tissue while displacements were being tracked after a radiation force excitation. Such tissue relaxation would delay the TTP displacement and extend the relaxation times of the tissue. Tissue relaxations in this range would also lead to kinetic and strain energy loss that would reduce displacement magnitudes and reduce the distance over which trackable shear wave displacements would propagate, and potentially reduce the shear wave interference patterns observed within the simulated elastic lesions. The shear waves may also experience phase distortion that would change the shape of the shear waves observed later in time. Tissue relaxation that occur over larger time domains (β < 1 kHz) would behave like an elastic material with G = G o , whereas tissue relaxation that occur much faster (β 1 kHz) would respond like an elastic material with G = G ∞ . Viscoelastic tissues that fall within these ranges would be adequately modeled using the elastic material definitions used in this manuscript.
The shear wave reflections and transmissions demonstrated in these inclusion models were for discrete material boundaries between the elastic background material and the inclusion. In the presence of a stiffness gradient, the impedance mismatch would decrease, and the reflection magnitudes would decrease in favor of shear wave transmission. These models also do not take into account slip boundary conditions that may exist between inclusions and their backgrounds. The presence of a slip condition would not allow the inclusion interface to support a shear stress, and the continuity boundary conditions imposed to derive (3) and (4) would no longer be valid.
VI. Conclusions
In homogeneous elastic media, the dynamic displacement profiles tracked within the ROE are dependent on the underlying material stiffness and density, with time to peak displacement, displacement magnitude, and recovery time all being inversely related to tissue stiffness. Near the focal depth, these parameters are also dependent on excitation focal configuration and duration. Spherical inclusions with different material properties than the background material generate shear wave reflections and transmissions at material interfaces. The magnitude and timing of shear wave interference within an elastic inclusion are related to the absolute and relative stiffnesses of the inclusion and background materials, along with the diameter of the inclusion. These shear wave dynamics, combined with ultrasonic displacement tracking artifacts, contribute to the dynamic displacement behaviors that have been experimentally observed when imaging stiff, spherical inclusions during phantom and clinical studies. Overall, these studies correlate the dynamic displacement behaviors generated in response to impulsive acoustic radiation force with the radiation force excitation parameters and the elastic material properties of structures in the imaged media.
